With the help of symbolic computation, the Whitham-Broer-Kaup shallow water model is analyzed for its integrability through the Painlevé analysis. Then, by truncating the Painlevé expansion at the constant level term with two singular manifolds, the Hirota bilinear form is obtained and the corresponding N-soliton solution with graphic analysis is also given. Furthermore, a bilinear auto-Bäck-lund transformation is constructed for the Whitham-Broer-Kaup model, from which a one-soliton solution is presented.
Introduction
In the last few decades, a large variety of physical, chemical and biological phenomena have been governed by nonlinear evolution equations (NLEEs) [1 -4] . Much attention has been paid to find the exact analytical solutions of the NLEEs including soliton, periodic and rational solutions [1 -5] . There has been a great development in various methods of finding the solutions [1 -4] , such as the inverse scattering transformation (IST) method [6, 7] , the Bäcklund transformation (BT) [4, 8] , the Darboux transformation [9] , the Hirota bilinear method [10] , the Painlevé method [11] and the algebra-geometric method [12] . Among these methods, the Hirota bilinear method is an important tool to deal with NLEEs and soliton problems, and it can be used to effectively construct the N-soliton solution in the form of an N-th-order polynomial in N exponentials for a large class of NLEEs [10] . One important step of this method is to transform the given NLEE into its bilinear form via suitable transformations. However, there is no universal method to find the transformations. In this paper, the authors report that one can generally obtain a dependent variable transformation which can transform a NLEE into its bilinear 0932-0784 / 08 / 0500-0253 $ 06.00 c 2008 Verlag der Zeitschrift für Naturforschung, Tübingen · http://znaturforsch.com form by truncating the Painlevé expansion at the constant level term with one (two) singular manifold(s). Subsequently, further study can be continued via the Hirota bilinear method. For instance, the N-soliton solution can be obtained and the auto-BT in bilinear form can be constructed. For illustration, we consider the Whitham-Broer-Kaup (WBK) model [13] 
where u = u(x,t) is the field of a horizontal velocity and v = v(x,t) the amplitude describing the deviation from the equilibrium position of the liquid; p and q are constants that represent different diffusion strengths. If p = 0 and q = 0, system (1) reduces to the classical long-wave equations that describe shallow water waves with diffusion [14] . If p = 1 and q = 0, system (1) becomes the variant Boussinesq equation [6] . In recent years, many efforts have been dedicated to the study of WBK equations, especially of their symmetries and conservation laws [14] , their Bäcklund transformation [15] and rich families of exact analytical solutions by various effective methods [16] . It is specially mentioned that some new soli-tary wave structures have been revealed by the extended tanh-function method in [5] . However, to our knowledge, little research work has been done on this model by the Painlevé analysis and the Hirota bilinear method. The structure of the present paper is arranged as follows: Section 2 gives a review of the well-known Painlevé analysis and applies this technique to the WBK model. In Section 3, by truncating the Painlevé expansion at the constant level term with two singular manifolds, we obtain the bilinear form for system (1) and give its N-soliton solution. Furthermore, Section 4 is devoted to the construction of an auto-BT in bilinear form for the WBK model. Finally, Section 5 is our conclusion and discussion.
Painlevé Analysis of the WBK Model
In this section, we give a brief review of the Painlevé analysis and illustrate each step by the coupled WBK model. As known, the Painlevé partial differential equation (PDE) analysis was first proposed by Weiss, Tabor and Carnevale (WTC) [17] , which has been proved to be one of the most successful and widely applied tools in studying the integrability of PDEs. A given PDE is said to possess the Painlevé property [18] or be a Painlevé integrable model when it passes the Painlevé PDE analysis, i.e., the solutions of this PDE are "single-valued" in the neighbourhood of noncharacteristic, movable singular manifolds [6] . The Painlevé integrability is a necessary condition for being Lax-or IST-integrable [19] . Sequentially, by truncating the Painlevé expansion at the constant level term, one can obtain the associated BT, the Lax pair, the Darboux transformation [20] , and so on.
According to the WTC procedure, the solutions of system (1) can be expanded in terms of the Laurent series as follows:
where ϕ(x,t) = 0 is the equation of the singular manifold with α and β as positive integers to be determined. The algorithm of the Painlevé analysis for system (1) essentially consists of the following three steps:
Step a. Leading Order Analysis
The leading orders of the solutions of system (1) are assumed to be
where u 0 and v 0 are analytical functions of (x,t). Substituting (4) into system (1) and balancing the highestorder derivative terms with the nonlinear terms, we obtain
The leading coefficients u 0 and v 0 satisfy
Solving (5) and (6) with respect to u 0 and v 0 , we have: case 1:
case 2:
i. e., system (1) has two different expansion branches.
In the following steps, we will show that system (1) possesses the Painlevé property in both expansion branches.
Step b. Finding the Resonances
This step in the Painlevé analysis is to find the resonances, i. e. the powers at which arbitrary coefficient functions appear in the series. Here we take case 1 as an example. We can apply the process analoguously to case 2. Substituting
into system (1) and collecting the terms with the lowest powers of ϕ yields the general recursion relation
where
The resonances are given by
Therefore the resonances occur at j = −1, 2, 3, 4, and the resonance j = −1 is usually associated with the arbitrariness of the function ϕ(x,t), which describes the singular hypersurface.
Step
c. Verifying the Compatibility Conditions
With the help of symbolic computation we insert the truncated expansions
into system (1), where the upper limit of the sums is the largest resonance, j = 4. For the resonances j = 2 and j = 3 it turns out that there is only one independent equation defining u j and v j which means that either of them is arbitrary. For j = 4, there are two linear equations defining u 4 and v 4 , but the rank of the matrix of the coefficients is one, so u 4 or v 4 is arbitrary. Therefore, system (1) has solutions of the forms (2) and (3) with the required number of arbitrary functions and so passes the Painlevé analysis. Simultaneously, we can obtain v 1 by solving the equations with the second lowest powers of ϕ:
Bilinear Form and N-Soliton Solution for the WBK Model
By truncating the Painlevé expansion at the constant level term with two singular manifolds, ϕ and ψ, we obtain
where we have taken (u 0 , v 0 ) for one expansion branch and (u 0 , v 0 ) for the other. Assuming ϕ ↔ g, ψ ↔ f , u 1 = 0 and v 2 = 4c p + q 2 (c is an arbitrary constant) in (13) and (14), we get the following dependent variable transformation:
Through transformations (15a) and (15b) system (1) becomes the bilinear form
x and D x D t are bilinear derivative operators [21] 
Hereby we can construct the N-soliton solution of system (1) based on (16) as follows: (23) - (26) by the same parameters as in (a).
exp( θ i ) = q i , exp( θ i ) = p i , and p i q i = c, (22) while p i and q i are parameters characterizing the i-th solition, η 0 i (i = 1, 2, ··· , N) are arbitrary constants, ∑ µ=0,1 is the summation over all possible combinations of µ 1 = 0, 1, µ 2 = 0, 1, ··· , µ N = 0, 1, and ∑ (N) i< j is the summation over all possible pairs chosen from N elements under the condition i < j.
For N = 1, expressions (18) and (19) read (27) - (31) by the same parameters as in (a).
which is a one-soliton solution of system (1) . For N = 2, expressions (18) and (19) can be written as In order to better understand the mechanism of the WBK model, we draw some figures to analyze the behaviours of the solitons described by expressions (23) (27) - (31), we can obtain other two-soliton interaction modes. For the special case c = 0, expressions (27) -(31) could describe the coalescence phenomenon of two travelling waves [22] . Figure 3a shows that two traveling waves which are both shock profiles coalesce into one large shock wave as the time increases, while Fig. 3b presents the coalescence interaction of two bell-shaped solitary waves. Figures 3a  and 3b , respectively, give specific views of Figs. 3a and 3b at different times. Actually, it turns out that a large-amplitude wave can be generated in Figure 3b .
We note that (21) can be expressed in different forms as
which may diverge when we take c = 0. Here, the arbitrary constant c enriches the solutions (18) and (19) by a long way and plays an important role in manipulating the interactions of solitons. The coefficients of the interaction terms in (27) and (28) vanish with c = 0, which leads to the coalescence phenomena. For N ≥ 3, analogous results can be obtained by choosing appropriate p i and q i with the constraint p i q i = 0. In this sense, the solutions (18) and (19) obtained in this paper are more general and abundant. Moreover, with suitable choices of the parameters, the solutions reflect various soliton surfaces and can so be used to describe many more realistic phenomena in shallow water waves.
We know that p and q represent different diffusion strengths in system (1) and the widths of solitons vary with the changes of the parameters p and q. As seen (23) - (26) at t = −0.5.
in Figs. 4a and 4b, the widths of solitons get broaden while the values of p and q increase (and vice versa).
Auto-Bäcklund Transformation in Bilinear Form for the WBK Model
It is known that the auto-BT can give a hierarchy of explicit solutions including the N-soliton solution. In this section, based on (16), a bilinear auto-BT for system (1) is presented as
where (g, f ) and g , f are two different solutions of (16), and δ , λ , µ, and c are all arbitrary constants. For illustration, we can calculate the one-soliton solution from the seed solutions g = 1 and f = 1. Substituting the seed solutions into (33) yields
from which we can obtain
where A and k are both arbitrary constants, and δ , λ , c, and µ are assumed to be zero.
Moreover, according to (15a), (15b), (35), and (36), the one-soliton solution of system (1) in explicit form can be expressed as
It is found that the solutions (37) and (38) have kink and bell profiles which might be seen from Figs. 5a and 5b, respectively.
Conclusion and Discussion
In this paper, we have applied the Painlevé analysis to the WBK shallow water model and proved that this model possesses the Painlevé property in two different expansion branches. By truncating the Painlevé expansion at the constant level term with two singular manifolds, we have derived the dependent variable transformations which transform the WBK model into its bilinear form. Accordingly, the N-soliton solution for the WBK model has been presented and the interaction of solitons has been graphically illustrated and analyzed with different suitable choices of parameters. The behaviour of the solutions as functions of the chosen parameters has been discussed in Section 3. Furthermore, we have also constructed a bilinear auto-BT and obtained a one-solion solution from the seed solution. Based on the above results, it has been shown that the Painlevé analysis and the Hirota bilinear method can be used to study the WBK model.
The method with which we got the dependent variable transformations in Section 3 is applicable to a large class of NLEEs, such as the Korteweg-de Vries (KdV) equation, the coupled KdV equations, the nonlinear Schrödinger equation and the (2 + 1)-dimensional potential Kadomtsev-Petviashvili (pKP) equation [23] . Even for some nonintegrable NLEEs in the sense of not possessing the Painlevé property, such as the (2 + 1)-dimensional Boussinesq equation, the (3 + 1)-dimensional KP equation and the (2 + 1)-dimensional Jimbo-Miwa equation [24] , the truncated Painlevé expansion can also be used to construct the dependent variable transformations. However, not for all NLEEs one can obtain the dependent variable transformations by this method. Examples are the nonisospectral sine-Gordon equation, the NizhnikNovikov-Veselov equation, the coupled Ramani equation [25] and the (2 + 1)-dimensional DoughertyKrieger equation. So further studies on the relation between the Hirota bilinear method and the Painlevé analysis are worthwhile.
